Abstract. In this paper we consider a Riemann problem, in particular, the case of the presence of the semi-hyperbolic patches arising from a transonic shock in simple waves interaction. Under this circumstance, we construct global solutions of the two-dimensional Riemann problem of the pressure gradient system. We approach the problem as a Goursat boundary value problem and a mixed initial-boundary value problem, where one of the boundaries is the transonic shock.
Introduction
We consider a semi-hyperbolic region formed by the interaction of simple waves, which occurs frequently in the Riemann problem of the pressure gradient system    u t + p x = 0, v t + p y = 0, E t + (up) x + (vp) y = 0 (1) in two space dimensions, where E = p + (u 2 + v 2 )/2. See the book of Li et al. [3] or [5, 8, 9, 10] for more information on the system. In the self-similar coordinates (ξ, η) = (x/t, y/t), the pressure gradient system has a second-order equation for p of the form Figure 1 . Four semi-hyperbolic patches, marked by the short light curves and overlapped by some bold ones, in the interaction of two forward and two backward rarefaction waves for the Euler system with a gas constant γ = 1.4. The five closed curves at the center are contour curves of the pseudo-Mach number, which mark the subsonic region; the bold curves originating from the boundaries are characteristics; the short light curves in the semihyperbolic regions are also characteristics. The solution has two axes of symmetry (courtesy of Glimm et al. [2] 2 ) = 0 in polar coordinates (r, θ) of the (ξ, η)-plane.
As the configuration G in [3] , in this paper we consider the case of the presence of the semi-hyperbolic patches with a transonic shock in a simple wave environment. The regions identified by the existence of a family of characteristics that start on sonic curves and end on transonic shock curves are called semi-hyperbolic patches. These regions are different from the typical fully hyperbolic regions. As in the result of [2] , in several numerical calculations, we frequently encounter this kind of regions in several configurations in the twodimensional Riemann problems of Euler systems as well as pressure gradient systems (see Figure 1) . We believe that it is helpful and essential to understand these patches of solutions locally before resolving the Riemann problems globally. A global solution to the boundary value problem of the Riemann problem of a hyperbolic system of equations can be patched together by pieces along characteristic lines, sonic curves, shock waves or other natural boundaries. We attempt in this paper to construct the patch in a way that is sufficient for understanding the internal structure of the patch, while postponing its connection to the subsonic domain for later work. In other words, we construct a number of these patches in anticipation for further cutting or rubbing on the transonic edges to fit to the subsonic domain, and focus on which key curve can determine such a patch.
In the self-similar plane, the pressure gradient system becomes
Let Σ := {η = η(ξ)} be a given smooth transonic shock with slope σ = η ′ (ξ) appearing in the interaction of rarefaction waves or simple waves. The shock locates between an elliptic region and a simple wave zone, denoted by R. Then the shock location is determined by the famous Rankine-Hugoniot condition
or equivalently, in polar coordinate system (r, θ), it becomes
where r = ξ 2 + η 2 , tan θ = η/ξ, and p is the average value of p between two neighboring states of the shock. In this paper, we concern about the positive derivative case of r ′ . The second-order equation (3) can be decomposed into
where q := r 2 4p(r 2 − p) , and
Here, ∂ + p, ∂ − p are the directional derivatives of p along the positive and the negative characteristics, respectively. We also note that equation (3) transforms into the system of equations
Then there are 3 eigenvalues Figure 2 . Interaction of two simple waves R 1 and R. AC is a sonic curve.
and their corresponding 3 eigenvectors
In [6] , Song and Zheng obtained the global solution of semi-hyperbolic patches under the assumption that there is a negative characteristic Y − emitting from a point, which is denoted by X and located on the characteristic curve AB, to the region of ABC (Figure 2 ). Then Y − and the positive characteristic curve AX are acting as two boundaries of the semi-hyperbolic region. In the paper, they started their exploration along the negative characteristic Y − , which was set to understand a semi-hyperbolic patch of solutions. In other words, they considered global solutions in the region bounded by two characteristics emitting from X. It was also shown that there forms a transonic shock below the negative characteristic curve. In this paper, we approach the problem with a different and more natural view point. We regard the semi-hyperbolic patch as a result of a transonic shock. That is, in reverse, from a transonic shock, we show that there form a simple wave zone and then a semi-hyperbolic patch of the pressure gradient system. Therefore, in this paper we construct global solutions including the semi-hyperbolic patches obtained in [6] under more natural assumptions. The main contribution of this paper is to consider the semi-hyperbolic patches globally from the transonic shock to sonic lines.
Let R 1 be a simple wave zone connecting two constant states p 1 , which is rescaled to 1, and p 4 . Denote the positive characteristic connecting points B and A by Γ 1 , and the positive characteristic from D to B by Γ 2 . Also, we denote the negative characteristic emitting from B to the interaction zone by Γ 3 . Then the following is the main result of this paper.
Main Theorem. For a given smooth shock Σ and positive characteristics Γ 1 and Γ 2 , we build a piecewise smooth solution of (8) satisfying the following property in a domain bounded by Σ and Γ 1 ∪ Γ 2 : the solution is smooth in both the simple wave zone R adjacent to the constant state p = p 4 and the interaction zone S bounded by Γ 1 and Γ 3 . However, the directional derivative of p has a jump along the negative characteristic curve Γ 3 .
In the following section, we first consider whether the negative characteristic from B meets with the end of a given transonic shock and then construct global solutions in each simple wave and a semi-hyperbolic patch from the transonic shock to the sonic lines. We also provide a new maximum principle of solutions using a new decomposition of pressure gradient systems. This is simpler and clearer than the maximum principle in [6] .
Main result
Let us approach this problem with a combination of two types: mixed initialboundary value problems and Goursat boundary value problems. Then we need to impose proper conditions of (∂ + p, ∂ − p, p) on the boundary Σ∪Γ 1 ∪Γ 2 . First, it is known in [4] that the adjacent area to the constant state of a pressure gradient system is a simple wave zone, so it is very natural to impose the following condition of (∂ + p, ∂ − p, p) on Γ 2 if we take account of the adjacent constant state p = p 4 :
Second, we impose the condition of (∂ + p, ∂ − p, p) on the shock Σ so that the region R is a simple wave zone. To that end, we let (∂ + p, ∂ − p, p) satisfy the following properties:
• p is smooth and increasing along the shock as θ increases. Here, this increasing property is related to the shape of the shock; refer to Remark 2.2 below; • ∂ + p = 0 on the shock to be compatible with the condition ∂ + p = 0 along Γ 2 ; • large enough ∂ − p > 0 to satisfy the positivity of r ′ in (9).
Third, we need the following conditions at the point B:
Fourth, let us impose the conditions of (∂ + p, ∂ − p, p) on Γ 1 so that
and p is a proper increasing function along Γ 1 . Here, ∂ − p > 0 is given by the decomposition (6) with the initial condition at B. When we regard the given simple wave R 1 as the small perturbation from the planar wave case in [6] , it is reasonable to have the condition ∂ + p > 0. In the planar wave case, the fact that ∂ + p > 0 can be obtained using the circular positive characteristic curve.
Remark 2.1. We assume that a negative characteristic Γ 3 emitting from the point B meets with the sonic point C, which is the preassigned end point of the given shock. Otherwise, we have the following two cases regarding this issue.
Case 1 (the negative characteristic Γ 3 meets with the shock at a point C ′ different from C). This is the same as the case when Γ 3 meets with the sonic point C. That is, a point B ′ connected to C by a negative characteristic plays the role of B by letting ∂ + p = 0 on the curve BB ′ instead of ∂ + p > 0. Case 2 (the negative characteristic Γ 3 meets with a sonic point, say C ′′ , different from C. See Figure 3 ). Let us fix one point T ∈ CC ′′ . Since ∂ + p = 0 along Γ 2 , ∂ + p = 0 along each negative characteristic emitting from Γ 2 . So we see that ∂ + p = 0 = ∂ − p at T . Owing to the decompositions (6), ∂ − p = 0 along Y + . Likewise, we see that ∂ − p = 0 in the region, denoted by Ω 0 , formed by points C, C ′′ , and E in Figure 3 . Furthermore, ∂ + p = 0 = ∂ − p in the whole region Ω 0 . Hence p := p 0 is constant along the curve CC ′′ , that is, CC ′′ is a part of the circle C 1 : r 2 = p 0 . However, we expect the solution to increase along the transonic shock and the sonic curve since the wave is in between two constant states with p 1 > p 4 . Furthermore, we obtain the zero gradient estimates of p in the elliptic region of a free boundary problem near C 1 ∩ CC ′′ , which is impossible. Therefore, we exclude this case (see Figure 3) . 
in polar coordinate system. Letp be the value of p on the subsonic region such that ∂ Σp < 0 or |∂ Σp | is sufficiently small. In this paper, we are considering a transonic shock Σ satisfying the following properties:
(S1) r ′ > 0 and r ′′ < 0 on Σ;
(S2) at the point D on Σ,
The condition (S2) will be used for the compatibility condition of the local existence of solutions at D. 
We note r ′ > 0 and r ′′ < 0 by the assumption (S1). Hence for a subsonic solutionp with ∂ Σp < 0 or sufficiently small |∂ Σp |,
which implies p is increasing along the shock from D to C.
T , we have the characteristic relation of (8) as follows:
, where b k is the inner product of l k with the vector in the right-hand side of (8) .
In the following lemma, we prove the existence of smooth solutions W in the simple wave region R, where p is constant along the positive characteristics. Proof. [Local existence] For the local existence of solutions, let us approach the problem using the mixed initial-boundary value problem. The region of R is bounded by two boundaries: one is the given shock and the other is a characteristic curve of the family λ 1 . In fact, there are several methods to obtain the local existence of this type. In this paper let us use the method in [7, 10] . For the local existence of smooth solutions for systems, we need the compatibility conditions at D. Define
where the given shock Σ is represented by r = r B (θ) and the given positive characteristic curve Γ 2 is represented by r = r A (θ). Then at the point D,
From these relations, we determine W θ (D) and W r (D). That is, for a smooth solution,
Making use of the characteristic relations, we have
in the whole region R including the boundary Σ and Γ 2 . In addition, l 3 ∂ + φ A = ∂ + (∂ + p) = 0 on the curve Γ 2 and l 3 ∂ Σ φ B = ∂ Σ (∂ + p) = 0 on the shock since ∂ + p = 0 there. Hence the relation (13) holds.
For k = 2, by a similar reasoning as in the case of k = 3, we have 1
which holds at D if the shock Σ satisfies
which is exactly the (S2) condition. Thus we have the compatibility conditions for the mixed initial-boundary value problems, which ensure the local existence of solutions around D.
[Uniform C 1 estimate of W ] Let us consider the uniform estimate of W . We note that ∂ + p = 0 in the simple wave zone R since
with the zero initial condition of ∂ + p along the positive characteristic Γ 2 . In order to show ∂ − p > 0 in the simple wave zone R, let us consider the decomposition
We note that the solution ∂ − p of this differential equation with the positive initial condition of ∂ − p on Σ cannot vanish. Hence ∂ − p > 0 in R. Since ∂ − p > 0 in the simple wave zone R, p is increasing along the negative characteristic emitting from Γ 2 . In addition, since p is increasing along the shock, we have
where p(C) = r 2 (θ C ). From (15), ∂ − p is decreasing along the positive characteristic in R, so
Thus the uniform estimate of (∂ + p, ∂ − p, p) is obtained. Now it is clear that ∂ − ∂ + p and ∂ + ∂ − p are uniformly bounded from the decomposition. It remains to get the estimates of ∂ + ∂ + p and ∂ − ∂ − p. First, let us consider the estimate of ∂ − ∂ − p. By decomposition (6),
where
On the other hand, we have the following identity
by direct computations, where λ ± = ±λ. The two relations (16) and (17) yield
Thus the integrals along the positive and the negative characteristics give uniform estimates of ∂ − ∂ − p, ∂ + ∂ + p. Therefore, we can conclude that we have a uniform C 1 estimate of W up to the end of the transonic shock except for the end point C.
Remark 2.4. We see that the second condition (10) of (S2) follows from (14) in order to get the monotone increasing property of p along the shock Σ, particularly at the point D.
Next, we consider the existence of solutions in the region S, called a semihyperbolic patch, bounded by Γ 1 and Γ 3 . Since we have ∂ + p > 0 and ∂ − p > 0 at the point B, ∂ + p > 0 along Γ 3 . By Lemma 2.3, we see that ∂ − p > 0 along the positive characteristic curves in the whole region of R, so we extend this property continuously to the sonic curve formed by points A and C. Thus we now consider a Goursat boundary value problem in the region bounded by two characteristics Γ 1 and Γ 3 , and let the values of p and ∂ − p on Γ 3 be the limit values of p and ∂ − p from the side of R, respectively. So the condition on ∂ − p along Γ 3 is ∂ − p > 0. Now we can obtain the local existence of solutions in the region S of the system (8) at B by a similar compatibility condition of Goursat boundary value problems as in [7, 10] . Here we omit the proof as it is similar to [6] .
Then the estimate (4) for a rarefaction wave case has been proved in [6] . In the above lemma, we verify the result still holds for simple waves as for rarefaction waves.
Making use of these lemmas, we are led to the following existence of solutions in the interaction region S as in [6] .
Lemma 2.9. There exists a smooth solution in the region S of the Goursat boundary value problem to the pressure gradient system (8).
We see that ∂ + p = 0 in the region R. On the other hand, ∂ + p > 0 in the region S ∪ Γ 3 . Then the directional derivative ∂ + p has a jump across the curve Γ 3 . Thus according to the previous Lemma 2.3 and Lemma 2.9, there exists a smooth solution in the region R ∪ S except at the negative characteristic Γ 3 . Now letting Ω := int(R ∪ Γ 3 ∪ S), we have the following main result. Theorem 2.10. Let a subsonic solutionp satisfy that ∂ Σp < 0 or |∂ Σp | is sufficiently small. For a given shock Σ with conditions (S1) ∼ (S2) and positive characteristics Γ 1 and Γ 2 , there exists a solution p ∈ C 1 (S ∪ R), which is Lipchitz continuous globally, of the pressure gradient system (8) satisfying the following property in the domain Ω : the solution is smooth in both the simple wave zone R adjacent to a constant state p = p 4 and the interaction zone S. The directional derivative ∂ + p, however, has a jump along the negative characteristic curve Γ 3 .
